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Abstract: This paper concerns the oscillation of solutions to second order non-linear dynamic equation with damping

(r(O® (A ()2 +p(O)¥ (1) +q(1)x° (1) = 0

on a time scale T which is unbounded above. r(¢), p(¢) and ¢(¢) are positive rd-continuous functions. ¥ : T — R is rd-continuous
functions. Our results are new and different many known results for second order dynamic equations.
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1. Introduction

The theory of time scales, which has recently received a lot
of attention, was introduced by Stefan Hilger in his PhD
thesis in 1988 in order to unify continuous and discrete
analysis (see [1]). Since Stefan Hilger formed the defini-
tion of derivatives and integrals on time scales, several au-
thors have expounded on various aspects of the new theory,
see the paper by Agarwal, et al. ([2]) and the references
cited . A book on the subject of time scales by Bohner and
Peterson [3] summarizes and organizes much of time scale
calculus.

A time scale T is an arbitrary nonempty closed subset
of the real numbers R. Since we are interested in the oscil-
latory of solutions near infinity, we assume that supT = oo,
and define the time scale interval [tp,e0)T by [tg,o0)T :=
[fo,00) N T. We assume that T has the topology that it in-
herits from the standard topology on the real numbers T.

In this paper we shall study the oscillations of the fol-
lowing non-linear second order dynamic equations with
damping
(r(0) P (& (D)2 + ()P (x* (1)) +q(1)x° (1) = 0, (D
where p(t),q(t) and r(t) are positive rd-continuous func-

tions.
In the last few years, much interest has focused on ob-

taining sufficient conditions for the oscillation/nonoscillation

of solutions of different classes of dynamic equations on
time scales, and we refer the reader to the papers [4-21].

Agarwal et al. ([4]), have considered the second order
perturbed dynamic equation

(r(O) (A (O +F (1,x(1)) = Gt,x(1), (1), ()

where ¥ € N is odd and they have interested in asymptotic
behavior of solutions of equation (2). In [5], Saker and et
al. considered the non-linear dynamic equation

(a(e)x® (0))* + p(0)x*" (1) +a() f(x° () = 0

when a(t), p(t),r(t) are positive rd-continuous functions.
They gave some sufficient conditions for oscillation.

The authors supposed that uf(u) > 0, f(u) /u > K > 0 and
f(u) > kforu#0.

In this paper, by employing the Riccati transformation
technique we will establish some sufficient conditions for
the oscillation of (1). The paper is organized as follows: In
Section 2, we develop the Riccati transformation technique
to give some sufficient conditions for the oscillation of all
solutions of (1). In Section 3, we establish some sufficient
conditions for oscillation of Eq. (1) with p(r) = 0.

We will use some of following assumptions:

(Hy) r(t), p(t), and g(t) are positive real-valued rd-functions,

(H)¥:T—R, Y% > kfor k>0, u 0,

Ju

(H3) fi7 (st ez (t,10)) At = oo

Our attention is restricted to those solutions of (1) which
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exist on some half-line [t,,o0) and satisfy sup{|x(¢)|: ¢ >
T} >0 for any T > 1, . We assume the standing hypothesis
that (1) does possess such solutions. A solution x(z) of (1)
is said to be oscillatory if it is neither eventually positive
nor eventually negative, otherwise it is nonoscillatory. The
equation itself is called oscillatory if all its solutions are
oscillatory.

2. Main results
Theorem 2.1. Assume that (H;) — (H3) holds. Further-

more, assume that there exist a positive real rd-functions
differentiable functions z(¢) such that

! r(s)A%(s
lim sup A {z(s)q(s)—x(%)(‘i)()} As=oco,  (3)
where
_ ay_z0p@)
a0 = |20 - L2020

then every solution of (1) is oscillatory.

Proof. Suppose to the contrary that x(¢) is a nonoscillatory

solution of (1). Without loss of generality, we may assume
that x(z) > 0 for ¢ > #; > fp. We shall consider only this
case, since in view of (H,), the proof of the case when x(7)
is eventually negative is similar. Now, we claim that x* (¢)
has a fixed sign on the interval [fp,o0) for some 7, > #;.
From (1), since g(f) > 0, we have

(r(0) P (& ()2 + ()P (x* (1)) = —q(1)x° () <0,
(rOP ()" + p() P (¥ (1)) < 0.
By setting
y(t) = r(e)P (A (1)),
we immediately see that,

p(1)y(t)
Y0+ T

which implies that

(y(t)e_g)A <0.

Then y(t)e_ £ is decreasing and thus y(r) is eventually of
one sing. Then x* () has a fixed sing for all sufficiently
large t and we have one of the following:

First, we consider x(¢) > 0 on [tp,0) for some t, > t;.
Then in view of (1) we have

<0,

x(t) > 0,x2(t) >0, (r() P2 ()2 <0t >1. (4

Define the function w(z) by Riccati substitution

=) )

Then w(t) > 0, and satisfies

3 o [2(t)]1*  2(t) A
w0 = [rowe o)) | 53]+ 55 [owee o)
In view of (1) and (5), we see that fort > 13

20— o
W= ey )]

z(t) c
o POPE @)~ g 0) ©)

However from (4),
r()P (A (1) > (r() P (1)), x(1) > x(1). ()
Using (7) and (H>) in (6), we have

W0 B0 50— S pOv ) 0L
o xA(t) r xA o
<) O (1)
W) _ <0)ple) v ()
wA (1) < ZA(r) w0 A0 @0 —z2(t)q(1)
(47 (1))
IR0
0p()] w7 )
WA(I)gfz(Z)Q(t) + {A( )— (1) ] (1)
(4 1))
ERNE0)70) ®
W (1) C0)
WA (0) < —20a() +A0) 1y — 20 s ©
where
agy_ 0p)
A(:)_[z -2 ]
Then
W0 < — (g0 + 0
2
z(t) wo(r) 1 [xr(t)
_l w0 =) 2\ ) A(”] |
kr(t)A%(t)

WA (t) < Z(I)Q(t) - 4Z(t)

Integration from #3 to t, we obtain

4 Kr(s)Az(s)
() —wie) < - | [z<s>q<s> - %()] As
which yields

4 r(s)AZ(s
[ [z<s>q<s> - "(43(/‘)”} As < w(ts) —wit) < w(ts)ot > 13
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for all large t. This is contrary to (3).

Next, we consider x* (1) < 0 fort >, > 1 .

Define the function u(t) = —r(t)¥(x*(t)). The from (1)
and (H3), we have

ut (t) + l:((tt))u(t) > 0= u(t) > u(t2)e_p (t,12),
Thus

—r(O) (A (1) > u(tr)e_p (1,12).

P 0) < ) (e pltn).

from (H3) there is a k > 0, so that

e (1) < —u(ta) (r(lt)

Integrating (10) from 7, to t, we have

x(t) —x(t2) < M/j (l)e_f(t,12)> As.

K , \r(t

)W (x(¢ LA
w/ (H (t,,2)> As.
K n \r(t) T
so condition (Hz) implies that x(t) is eventually negative,
which is a contradiction. The proof is complete.

e;;(t,l‘z)) . (10)

x(t) < x(t2) +

Corollary 2.2. Assume that (H;) — (H3) hold. If

t

lim sup
t—ro0 o

)~ 'Z’;Z(S)] As=eo (1D

then every solution (1) is oscillatory.
Example 2.3. Consider the dynamic equation

(t'P(xA (r)))A + ('P(xA (r))) + %xc (1)=0, >0
1

where r(1) =1, p(t) =1, q(t) = 7,
Y(x2(1)) = (x*(¢))**!, k € N. All conditions of Corol-

where Z(t,19) = f,; @As, then every solution (1) is oscil-
latory.

Now, let us introduce the class of functions R which will
be extensively used in the sequel. Let Dy = {(¢,s) € T? :
t>s>1ty}and D= {(t,s) € T?>:t > s> to}. The function
H € C,y(D,R) is said belongs to the class R if

(i) H(t,t) =0, t >1y, H(t,s) > 0, on Dy,

(ii) H has a continuous A-partial derivative HA(¢,s) on
Dy with respect to the second variable.(H is rd-continuous
function if H is rd-continuous function in t and s.)

Theorem 2.6. Assume that (H;) — (H3) hold.Let z(t) be

positive real rd-functions differentiable function and let
H : D — R be rd-continuous function such that H belongs
to the class PR and where

n?ﬂpﬁ [ t [Hu,s)z(s)q(s)

4e()H(1,5) }AS:“” (13

(r,5) = 2% (s)H (1,5) + H(1,5)A(s).
Then every solution of (1) is oscillatory.

Proof. Suppose to the contrary that x(t) is a nonoscillatory

solution of (1) and let #; > #y be such that x(¢) # 0 for all
t > t1 , so without loss of generality, we may assume that
x(t) is an eventually positive solution of (1) with x(¢) > 0
for all r > ¢ sufficiently large. In view of Theorem 2.1 we
see that x* (¢) is eventually negative or eventually positive.
If x4 (¢) is eventually negative, we are then back to sec-
ond case of Theorem 2.1 and we obtain a contradiction.
If x* (¢) is eventually positive, we assume that there exists
t > t; such that x* (1) > 0 for £ > #; and proceed as in the
proof of first of Theorem 2 . From (9), it follows that

we (1)

(we (1))

122/,.2.2 and (H)) — (Hs) are satisfied. Hence it is oscilla- wA (1) < —z(t)q(t) +A(r) o) z(t) PEIDE0k (14)

Corollary 2.4. Assume that (H;) — (H3) hold. If we multiply to (14) to H(t,s) then

! r(s)(s7)A —s"p(s))? w®
h?li?p i {syq(s) _ K(rl)( Qr(s) "p(s)) Ks_y} As=oo  H(t,s)W* (1) < —H(t,5)z(t)q(t) + H(t,s)A(r) Z"((tt))

h lution (1) is oscillat (2 — H(s)a(t) =) ’
then every solution (1) is oscillatory. ,8)Z @O0
Corollary 2.5. Assume that (H;) — (H3) hold. If

. i Kr(s) wO (1)

lim sup i [Z(S,IO)CI(S)— 1Z(s.10) <Z(Z(s7to))A H(t,5)z(1)q(t) < —H(t,s)w™(t) + H(t,s)A(r) =)
Z5.0pl) ) oy (02
o) Ja=e e o)
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Using the integration by parts formula, we have

IZH(Ls)z(s)q(s)As < —H(t,t)w(t)+H(t,12)w(t2)
+ IHSA (t,5)w°
+ t:H (t,5)A(s) va: ((SS))

! WG s ’
_ /tzH(I,S)Z(S)I(‘((z("@)()z)}@

0, we obtain

(s)As

where H(t,t) =

H(9))9(5)4s < Hopw(i) + [ | (5)H2 9

5] 5]

+ H(t,s)A(s)}

/IzH(t,s)z(s)q( VAs < H(t,0)w(t2) + Z<P 5) wo(s)As

p) th 79(s)
2
)

Therefore, by completing the square as in Theorem 2.1, we
obtain

tH(Ls)z(s)q(s)As < H(t,tr)w(r)

15}

! Kr(s)
+ t m(pz(t,s)As

_/[ H(t,5)2(s) w° (s)

2 kr(s)  z9(s)
1 Kr(s) 2
-5\ s #00) as
Hence, we obtain
/ H l‘ S AS < H(I tZ)W(l‘z)
! Kr(s
" fh m(pz(tas)As.

Then for all t > 1,, we have

i Kr(s)

H(t —

/[ (:5)20)405) = 031
and this implies that

Kr(s)

lirtri)soilp % /tzt [H(t,s)z(s)q(s) - Alz(s)l-l(t,s)(pz(t’s)} As

< W(t2)v

which contradicts (13). The proof is complete.
The consequences of Theorem 2.6, we get the following.

)(pz(t,s)] A < H(t,1)w(ty)

Corollary 2.7. Suppose that the assumptions of Theorem
2.6 hold. If

limsup H(tl,tz) /t;H(t’S) {q(s) B Z((j)) <I§(Ets§)
2

then every solution of (1) is oscillatory.

Corollary 2.8. Let the assumption (13) in Theorem 2.6
be replaced by

[ Hs)z(5)q(s) ==,

H(t,t) Ji

) 1 ! Kr(s)
limsup e o) /to [ 2 (5)H (s) (H (t,5)A(s)

+ 25 ()H (r,s>ﬂm <o

lim sup
t—ro0

then every solution of (1) is oscillatory.

Remarks 2.9. [3, Remarks 2.3] Let H(z,s) = (t —s)" ,

(t,5) € D with n > 1, we see that H belongs to the class
R. Hence

((t—9)")* < —nlt—o(s)"".

Corollary 2.10. Assume that (H;) — (H3) hold.Let z(¢) be
positive real rd-functions differentiable function . If

| T Kr(9)6%5)]
llgis:p— i [(l—s) z(s)q(s)—m As = oo,
where

9(t,8) = (1 =5)"A(s) +n2° (1) (t — 0 (s))" .t 25 219, n > 1

then equation (1) is oscillatory on [fg, ).

3. Equation (1) with p(r) = 0.

We establish some sufficient conditions for oscillation of
Eq. (1) with p(¢) = 0.

Theorem 3.1 Assume that (H; ) — (H3) hold. Furthermore,

assume that there exists a positive real rd-continuous func-
tion z(¢) such that

1
limsup
t—roo o

kr(s)
4z(s)

A%(s)| As=oo

[z(s)q(s) - (15)

then every solution of Eq. (1) is oscillatory.

Proof. Suppose to the contrary that x(¢) is a nonoscilla-
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tory solution of (1) and let #; > #y be such that x(¢) # O for
allt > #;, so without loss of generality, we may assume that
x(t) is an eventually positive solution of (1) with x(¢) > 0
for all ¢ > #; sufficiently large. In view of Theorem 2.1 we
see that x4 (¢) is eventually negative or eventually positive.
If x4 (t) is eventually negative, we are then back to sec-
ond case of Theorem 2.1 and we obtain a contradiction.
If x* (¢) is eventually positive, we assume that there exists
t > t; such that x* (t) > 0 for t, > #; and proceed as in the
proof of first case of Theorem 2.1. From (9), we have

W0 < = 2(0gl0) +A) 5
) e (), (16)

The proof is similar to that of Theorem 2.1 and hence is
omitted.

Corollary 3.2. Assume that (H;) — (H3) hold. If

ot
lim sup
t—oo  Ji

[q(s)—étrm As=e  (I7)

then equation (1) is oscillatory.

Theorem 3.3. Assume that (H;) — (H3) hold.Let z(¢) be

positive real rd-functions differentiable function and let
H : D — R be rd-continuous function such that H belongs
to the class R . If

lim sup /tt [H(l,S)Z(S)Q(S)

1
f—s00 H(t,to) 0

where
C(t,s) =72 (s)HA(1,5) + H(t,s),
then equation (1) is oscillatory.

Corollary 2.4. Assume that (H;) — (H3) hold. Let z(¢) = 1.
If

liltis:pH(tl’ o) ./I:H(t,s) (q(s) - 4rK(s)) As =00,

then every solution of (1) is oscillatory.
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The oscillation of solutions of the second-order nonlinear dynamic equation (r(t)(x* N2 +
p(t)(x2 (D) + f(t,x(g(t))) = 0, with damping on an arbitrary time scale T, is investigated. The
generalized Riccati transformation is applied for the study of the Kamenev-type oscillation criteria
for this nonlinear dynamic equation. Several new sufficient conditions for oscillatory solutions of
this equation are obtained.

1. Introduction

Much recent attention has been given to dynamic equations on time scales, or measure chains,
and we refer the reader to the landmark paper of Hilger [1] for a comprehensive treatment
of the subject. Since then, several authors have expounded on various aspects of this new
theory; see the survey paper by Agarwal et al. [2]. A book on the subject of time scales by
Bohner and Peterson [3] also summarizes and organizes much of the time scale calculus.

A time scale T is an arbitrary nonempty closed subset of the real numbers R. The
forward and the backward jump operators on any time scale T are defined by o(t) := inf{s €
T:s>t},p(t) =sup{seT:s<t}]. Apointt € T, t > infT, is said to be left-dense if p(t) = t,
right dense if t < sup T and o(t) = t, left scattered if p(t) < t, and right scattered if o(t) > t. The
graininess function y for a time scale T is defined by p(t) := o(t)-t. Fora function f : T — R
the (delta) derivative is defined by

SR (1.1)

if f is continuous at t and t is right scattered. If t is not right scattered, then the derivative is
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defined by

i SO0 =S 0= £O)
ACAY. e (12

provided this limit exists. A function f : [a,b] — R is said to be right-dense continuous if it
is right continuous at each right-dense point and there exists a finite left limit at all left-dense
points, and f is said to be differentiable if its derivative exists. A useful formula dealing with
the time scale is that

f7 = flo(t) = f(t) +u() fA(). (1.3)

We will make use of the following product and quotient rules for the derivative of the product
fg and the quotient f/g (where gg° #0) of two differentiable functions f and g:

(fg)" = f2g+fog" = fg* + f*5°,

(f)A _fig- st (14
g/ &g
The integration by parts formula is

b b

I fAHgHAt = f(b)g(b) - f(a)g(a) - f MO GINGE (1.5)

The function f : T — R is called rd-continuous if it is continuous at the right-dense points
and if the left-sided limits exist in left-dense points. We denote the setof all f : T — R which
are rd-continuous and regressive by R. If p € R, then we can define the exponential function

by
¢
ep(t,s) = exp <I u(t) (p(T(t)))AT> (1.6)

fort € T, s € T¥, where ¢;,(z) is the cylinder transformation, which is defined by

log(1 + hz)
&n(z) = { o 7o (1.7)
z, h=0.

Alternately, for p € R one can define the exponential function e,(-,tp), to be the unique
solution of the IVP x2(t) = p(t)x(t) with x(ty) = 1.

The various-type oscillation and nonoscillation criteria for solutions of ordinary and
partial differential equations have been studied extensively in a large cycle of works (see
[4-31]).
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In [27], the authors have considered second-order nonlinear neutral dynamic equation

<r(t) ((y(t) +p(B)y(t - T))A>Y>A + f(ty(t-6)) =0 (1.8)

on a time scale T. They have assumed that y > 0 is a quotient of odd positive integers, T and
6 positive constants such that the delay functions 7(tf) =t —7 < t and 6(t) =t — 6 < t satisfy
T(t) and 6(t) : T — T forall t € T, r(t) and p(t) real-valued positive functions defined on T
and also they have supposed that

(H1) [2(1/r(£))/TAt = o0, 0< p(t) <1,

(H2) f(t,u) : T xR — Ris continuous such that uf(t,u) > 0 for all u #0 and there exists
a nonnegative function q(t) defined on T such that |f (¢, u)| > q(t)|u"|

and were concerned with oscillation properties of (1.8). In [28], Saker has considered second-
order nonlinear neutral delay dynamic equation

(r (® +poye-m))") + fEy-6) =0, 19)

when y > 1is an odd positive integer with r(f) and p(t) real-valued positive functions defined
on T. The author also has improved some well-known oscillation results for second-order
neutral delay difference equations. Agarwal et al. [29] have considered the second-order
perturbed dynamic equation

(r) (xA>Y)A +F(t,x(1) = G(1,x(t), x (1)), (1.10)

where y € N is odd and they have interested in asymptotic behavior of solutions of (1.10).
Saker et al. [30] have studied the second-order damped dynamic equation with damping

(a(t)xA(t)>A + ()XY () + q(t) (fox®) =0, (1.11)

when a(t), p(t), and q(t) are positive real-valued rd-continuous functions and they have
proved that if [, (e-p/, (t, to) /7(t)) At = co and [” (e-p/r (t, t) /7(t)) At < oo, then every solution
of (1.11) is oscillatory.

In the present paper, we consider the second order nonlinear dynamic equation

(r(t) <xA(t)>Y>A +p(t) <xA(t)>Y + f(t,x(g()) =0, (1.12)

where p, r are real-valued, nonnegative, and right-dense continuous function on a time scale
T c R, withsup T = oo and y is a quotient of odd positive integers. We assume that g : T — T
is a nondecreasing function and such that g(t) > ¢, for t € T and lim;_, ,g(f) = oo. The
function f € C(T xR, R) is assumed to satisfy uf (¢, u) > 0, for u # 0 and there exists a positive
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rd-continuous function g defined on T such that |f (¢, 1) /u"| > q(t) for u #0. Throughout this
paper we assume that

r’ (e-p/ru, to>)“Y A o (A%)

to r(t)

Since we are interested in the oscillatory of solutions near infinity, we assume that
sup T = oo and define the time scale interval [t, o0)¢ by [0, 00)1 := [to, 00) N T. The oscillation
of solutions of the second-order nonlinear dynamic equation (1.12) with damping on an
arbitrary time scale T is investigated. The generalized Riccati transformation is applied for
the study of the Kamenev-type oscillation criteria for this nonlinear dynamic differential
equation. Several new sufficient conditions for oscillatory solutions of this equation are
obtained.

A solution x(t) of (1.12) is said to be oscillatory if it is neither eventually positive nor
eventually negative, otherwise it is nonoscillatory.

2. Preliminary Results

Lemma 2.1. Assume that the condition (A*) is satisfied and (1.12) has a positive solution x(t) on
[to, 00) . Then there exists a sufficiently large t1 € [to, oo)r such that

(r®) <xA(t)>Y>A <0,x2(t) >0 fort e [t,o0)p 2.1)

Proof. Let t; € [tp, 00) such that x(g(f)) > 0 on [f1, 00). Since x(t) is positive nonoscillatory
solution of (1.12) we can assume that x* (t) < 0 for all large t. Then without loss of generality
we take x2(t) < 0 for all t > t, > t;. From (1.12) it follows that

(r (= ®)) +po (1) = £t x(5®)) <0 22)
and so
(ro (1)) +pe (x®) <o, (23)
Define y(t) = -r()(x*(t))". Hence

) + %y(t) >0, 2.4

and it implies that

y(t) > y(t)ep/ (- t2). (2.5)
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Then
(1) (x4 ))" > ~r(t2) (x2(02)) e (- 2), (2.6)

and therefore

eprr(,f2) )w. 2.7)

X0 <7171 1) (32 1) (125

Next an integration for t > t3 > t, and by (A*) gives

1/ A ! e—p/r(S/ t) Yy
x(t) <x(t3) +r Y(t2)<x (f2)> f e As — -0 ast— oo (2.8)
t3

which is a contradiction. Hence x2(t) is not negative for all large t and so x*(t) > 0 for all
t > t1. This completes the proof of Lemma 2.1. O

We now define

a(t) = (% f" q(s)As) a-n/y

t y-1
ap(t,u) := <r1/Y(t)f ;J/AT?S)> (2.9)

alt) = ay (t), 0<y<l,
az(t, tl), Y > 1.

Lemma 2.2. Assume that (A*) holds and (1.12) has a positive solution x(t) on [to, oo)r. Then there
exists a sufficiently large t1 € [ty, 0o) such that if 0 <y <1 for t > t; one has

x4\
<x“(t) > > ay(t). (2.10)
Whereas, if y > 1, one has
)\
(xxA(t)> > ar(tt) for t> t. (2.11)

Proof. As in the proof of Lemma 2.1, there is a sufficiently large t; € [to, o0)1 such that

x(t) >0, x2(t) >0, <r(t) (xA(t)>Y>A <0, fort>t. (2.12)
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From (1.12) and (2.12) it follows that
(4n<xﬂﬂ)SA+pax}Augy:—faﬁxgu»)<0, (2.13)
and so
(r (x*®)")" <~ x(50)). (214)
Then

r0(x0) > [ fx(gen)as> [aen (ge)as

o - (2.15)
>0 (g(0) [ qas > o) [ as)as
Next, when 0 <y <1, we get
A 1=y
<§G§g> >ay(t) fort>t. (2.16)
Finally, since () (x*(t))" is decreasing on [t;,00) for y > 1, we get
1/y
t (r(s)(x2(s))’
0250 -x0) - | < P Gs) L. 217)
nur 1 .
> <r(t) <xA(t)> ) Ll rlT(s)As’
and we obtain
x(t) \"
(xA(t)> > dz(t, tl) for t > t1. (218)
O

3. Main Results

Theorem 3.1. Assume that (A*) holds and there exist a function ¢(t) such that r(t)p(t) is a A-
differentiable function and a positive real rd-functions A-differentiable function z(t) such that

2
17(s)(v(s)) ] Ao o 31)

t
fimeup | [%) "4 yz)al)
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where

w() = -20) (4() - (O30)* + T (b0 )" + () ),

yz(Ha(t)
r(t)

(3.2)
v(t) = z8(t) -

(p() -2(r(Hp(1)”)-

Then every solution of (1.12) is oscillatory.

Proof. Suppose to the contrary that x(t) is a nonoscillatory solution of (1.12). Without loss of
generality, there is a t; € [t, 0o)y, sufficiently large, so that x(t) satisfies the conclusions of
Lemmas 2.1 and 2.2 on [ty, o). Define the function w(t) by Riccati substitution

A Y
w(t)=z(t)r(t)<<xx(§§)> +¢(t)>, ~n (3.3)

Then w(t) satisfies

0= () (o (=0)) + (30) (o))

+z(t) (r(t)(})(t))A +z8(H) (r(Hp(1))?,
z(t) A z4 ()7 (1) — z(B) (2T (1)* e
0= (55) (060)) +< (00 ()7 ><r(t)<xA(t)> )

+z(t) (r(t)ci)(t))A +z8(H) (r(Hp())°.

(3.4)
From (1.12) and the definition of w(t) for t > t; it follows that

o (1))’
WA () = <xZY(tt)><_p(t) (xA(t)>Y _f(t,x(g(t)))) + zA(t)W
@) (r @ )")”

- z(t) O D) +z(B) (r() (1) + 22 () (r(t)p (1))

(3.5)

Using the fact that f(t, x(g(t))) > q(t)x7(g(t)) and x(t) is a increasing function, we obtain

Ay \ ¢
w1 < ~2(040) - =pt DO z%t)(<%> +(r<t>¢<t>>">
36)

<xA<t>>Y< wO ()

200 \Zo

- (rOP0)7 ) + 2O WOHO)*

Now we consider the following two cases: 0 <y <1land y > 1.
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In the first case 0 < y < 1. Using the Potzsche chain rule (see, [3]), we obtain

(" (1) =y f 1 [ + h#(t)x%t)]y_ldh x4 () 2 y(x7 (1) 7 XA (1),
0

Using (3.7) in (3.6) for t > t1, we get

xA(t) /x°(H)\ wO (t)
w1 < =090 - =00 1o (5 )+ = O 5re

A o w°
S (XY (LD ¢rpn)) + 00 080)*

By Lemmas 2.1 and 2.2, for t > t;, we have that

x4 1 1) (xA(t))Y< )> A0 (r(t) (JCA(t‘))Y>L7
xo(t) r(t) (xr(t)° x9(t) T or(t) (x7(1)°
x7(t)
x(t)

In the view of (3.8), and (3.9) we get

Wi (1) < ~=(0q() + 20 (rOp0)* ~y=0p(0 T (L - 09)”)

w° o 2
2% -y (LD - (apn)”)

In the second case y > 1. Applying the Potzsche chain rule (see, [3]), we obtain
1 -1
()t =y f [x®) + hu@x )] dhx () 2 y (@) 0.
0

In the view of (3.11), (3.6) yields

WA () < —z(B)q(t) + 2O (rO®)* - yzopy E_ (Y)(i) 5(6)
wo(t) o (x() wO (t) .
220 Ty 1205 XA(t)<zf’(t) —(r)$®) )

By Lemmas 2.1 and 2.2, we have that

xAh 1 r(t)(xA(t»Y( x(t) )Y-l , w(h) (r(t>(xA<t>)Y)o‘

x(ty r(t)  xr(t) xA (1) r(t) (x7(t))°

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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By (3.13), (3.12), and then using the definition of w(t), we get

wh (1) < ~2(0q(t) + (O (rOP(®)® — yz(typ(t) 2L ( W) _ (r<t>¢<t>>“)

r(t) \ z()
@O ) (w0 2 (3.14)
205 v S (5 - w9
Using (3.10), (3.14), and the definitions of ¥(t), v(t), and a(t) for y > 0, we get
W (t) < =¥ (D) + ()= ((t)) z(t )% (( :((:)))) (3.15)

Then, we can write

2
r(t) (v(h) yz(Ha(t) wo(t) 1 r(t)
W) <Y+ o e [\/ r6 =@ 2\ yz(t)zx(t)v(t)]' (3.16)

and so, we get

() (b)?
wh(t) < —[T(t) - 4yz(t)zx(t)]' (3.17)

Integrating (3.17) with respect to s from t; to t, we get

t r(s)(v(s))*
— < — P S Sl S .
w(t) —w(t) < L [‘P(s) Ty2(5)a(s) As, (3.18)
and this implies that
ft P(s) - M As < |w(ty)] (3.19)
b dyz(s)a(s) |~ '
which contradicts to assumption (3.1). This completes the proof of Theorem 3.1. O
Corollary 3.2. Assume that (A*) holds. If
I JPEPRLOLEO] yo (3.20)
1rtrls;1p . q(s 1 (s) s =00, .

then every solution of (1.12) is oscillatory.
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Example 3.3. Consider the nonlinear dynamic equation
<t"V<xA(t)>Y>A + lt"l‘y<xA(t)>Y + L (g) =0, telty o)y T=2" (3.21)
2 tl/y g 7 0s T 7 .

where y > 1is the quotient of the odd positive integers. We have that p(t) = (1/2)(t177), g(t) =
/'Y and r(t) =t 7. If T = 2%, then o(t) = 2t and e_1/0( (¢, to) = to/t. So we get e_p/,(t, 1) =
to/t. It is clear that (A*) holds. Indeed,

t 1/y t
ep/r('/t0)> 1/ f 1
_— As=(t))"V | ———As=o0,
ft0< ) s = (to) ST s=00

t A y-1 ¢ A y-1 (322)
S s
ax(t, ty) = <r<t>>1”f — ) =t/ f =) -
s < o (r(s)" s
and then
t
§=°° (3.23)
to

and so we can find t, > t; such that f:n As/rVY > 1 for t > t.. Then we can see from

Corollary 3.2 that it follows that

—

ST dr(s) (3.24)

lim sup
t— oo ty

1 a(s)(p(s))”
[ LGIGC)M I
and therefore every solution of (3.21) is oscillatory.
Now, let us introduce the class of functions ‘R.
Let Dy = {(t,s) € T> : t > s >ty and D = {(t,s) € T?> : t > s > tg}. The function
H € C,4(D, R) has the following properties:

H(t,t)=0, t>ty, H(ts)>0, on Dy, (3.25)

and H has a continuous A-partial derivative H2(t,s) on Dy with respect to the second
variable. (H is rd-continuous function if H is rd-continuous function in t and s.)

Theorem 3.4. Assume that the conditions of Lemma 2.1 are satisfied. Furthermore, suppose that
there exist functions H, H® € C,4(D,R) such that (3.25) holds and there exist a function ¢(t) with
r(t)¢(t) a A-differentiable function and a positive A-differentiable function z(t) such that

r(s)
4yH(t,s)z(s)a(s

, I
lim supm L [H(t, $)¥(s) -

t— oo

)<p2(t, s)| As = oo, (3.26)

where ¢(t,s) = [H2(t,s) + H(t, s)v(s)]. Then every solution of (1.12) is oscillatory on [ty, o).
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Proof. Assume that (1.12) has a nonoscillatory solution on [ty, o0)r. Then without loss of

generality, there is a sufficiently large t; € [fo, o0) such that x(t) satisfies the conclusions
of Lemmas 2.1 and 2.2 on [t(, o0) . Consider the generalized Riccati substitution

w(t) = z<t>r<t><< A“)> ¢(t>> (3.27)
_ C |

We proceed as Theorem 3.1 and from (3.15) it follows that

w ()
z9(t)

aU)(“GD

A
) <-w(1t) + v L EORET

~yz(t) S (3.28)

Multiplying both sides of (3.28) by H(t,s) and integrating with respect to s from t; to ¢ (t >
t1), we obtain

f H(t,s)¥(s)A(s) < - J H(t,s)w"(s) +f H(t,s)v(s) (( ))
3.29
as) (@7 (s)? o)

frH(t D)y

Integrating by parts, we get

ft H(t,s)¥(s)A(s) < H(t, t1)w(t) + Jt HsA(t, S)w(s)As + ft H(t,s)v(s) w?(s) As

27(s)
a(s) (@”(s))? |

tlYH(ts) ()r(s)(o( A
* A <s>
H(t, s)¥(s)A(s) <H(t, tl)w(t1)+f [H (t,s) + H(t, s)v(s)]
5]
a(s) (w(s))” “@D
YH(t $)z(s) ——= ©) (2 U(S)) .
It is easy to see that
: : wO(s)
H(t,s)¥(s)A(s) < H(t, t1)w(t) + (p(t,s) () As
h ' a(s) @7 (s))” | (331
S) (w” (s
YH(t 5)z ()T(S) (s )) ,

where

(t,s) = [HsA(t,s) +H(t, s)v(s)]. (3.32)
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Then we can write

t y )
e

2
: yH(t,s)z(s)a(s) w(s) 1 r(s)
B J‘tl [\/ T(S) ZG(S) B E\/YH([’I S)Z(S)a(s) (P(t/ S)] As.

(3.33)
Hence
H(9¥() - 2D < i)
A 2 (OB ETOTTE R .
) TR CYC U N (VO
imsup——— ,5)¥(s) - s<w
L HER) ), 4yH(L, 5)z(s)a(s) '
which contradicts with assumption (3.26). This completes the proof of Theorem 3.4. O

Corollary 3.5. Assume that (A*) holds. Furthermore, suppose that there exist functions H, HY, and
h € Ca(D,R) such that (3.25) holds and there exist a function ¢(t) such that r(t)p(t) is a A-
differentiable function and a positive A-differentiable function z(t) such that

1 t
lim Squ L [H(t, S)¥(s) — (3.35)

t— oo

h*(s)(z(s))’r(s) _
4yz(s)a(s) ]AS -

where ¥ (t) is as defined in Theorem 3.1 and H® = —h(t, s)\/H(t,s) - H(t,s)v(t)/z° (). Then every
solution of (1.12) is oscillatory on [t, o).

Theorem 3.6. Assume that (A*) holds and there exists a A-differentiable positive function z(t) such
that

. ' ()8 (s)
limsup | [z(s)q(s) - m] As = oo, (3.36)
where
&ty = z8(t) - Z(:)(f)(t) (3.37)

Then every solution of (1.12) is oscillatory.
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Proof. Suppose that (1.12) has a nonoscillatory solution on [ty, oo)y. Then without loss of
generality, there is a sufficiently large t; € [fo, 00) such that x(t) satisfies the conclusions
of Lemmas 2.1 and 2.2 on [t(, o0) . Consider the generalized Riccati substitution

¥
w(t) = z(t)r(t)<x:(g)> . (3.38)
From (3.6) it follows that
(x*(®))" wi(t) o A0) wo )
wh (t) < —z(t)g(t) - Z(t)p(t)xY—(t) +z8(1) =0 z(t) 0 20 (3.39)
In the same manner as in the proof of Theorem 3.1, we get
sy [ra@)Txt, 0<y<i
(x7 ()" > {y(x(t))yle, r> 1 (3.40)
If 0 < y <1, then we have that
z(tp(t) | wo () (x7(1)" x2(t) w(t)
wh (1) < -z(t)q(t) + ZA(t) - (D ) - vz(t) ) () =D (3.41)
whereas, if y > 1, we have that
z(H)p(H) ] w () xO(t) x2(t) wo(t)
w (t) < -z(H)q(t) + [ZA(t) =0 |l=o yz(t) OO0 (3.42)
Using the fact that x(t) is increasing and (r(t)(x* (t)) is decreasing on [y, o), we get
o > A > rg(t) vy A o 3.43
XO() > x(t), X () > <W> (x (t)> . (3.43)
Using (3.41), (3.42), and (3.43), we obtain
w (t) Y (wB)Y
wh (t) < —z(t)q(t) + &(t) =0 z(t) D) ( =0 > , (3.44)
where A = (y + 1) /y. Define A > 0 and B > 0 by
At = M B\l = M (3.45)

(z2 () r/r () Sy VA
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Then using the inequality (see [32])

MABY - A' < (A -1)BY, (3.46)
we obtain
wo(t) Yy (wT®O\'_ rH&
§(t) =0 z(t)r1/y(t) < Zg(t)> < T (3.47)

From this last inequality and (3.44) it follows that

t y+1
lim sup [z(s)q(s) - r(s)@_ﬂ(s)] As <w(ty) (3.48)
t— oo H (Y+1)Y z¥(s)

which contradicts with the assumption (3.36). Theorem 3.6 is proved. O

Example 3.7. Consider the second-order equation

A1 r 1
y (A ¥ (A Y —

(t (x (t)) ) + 5 <x (t)) + 220 (g(0) =0, (3.49)

wherey =1/3<1, r(t) = t'/3,4(t) = 1/t, t > ty = 2. Then it follows that

t t

p(s) f -7/3 1
e, (t,2)>1-| —As=1-| s As > — 3.50
P/( ) ZT(S) ) 2 ( )

for t > 2, and so
71 Uy 1\° (*1

—e_ 2 As>( = —A t . 51
L(T”(S)ep/r(s, )> S_<2> LS T (3.51)

Hence (A*) is satisfied. Now let z(¢) = 1 for t > 2. Then

T(S)(zYH(S) ) t 1 3725/9
W5 B =1 e
T e [

t

lim sup [z(s)q(s) -

t— oo 2

]As =, (352)

t— o0 2

and so (3.36) is satisfied as well. Hence by Theorem 3.6, we have that (3.49) is oscillatory.

Theorem 3.8. Assume that the conditions of Lemma 2.1 hold. Furthermore, suppose that there exist
functions H,H® € C,q(D,R) such that (3.25) holds and there exists a positive real rd-functions
A-differentiable function z(t) such that

t Crl(t, s)r(s)

(y + 1) 2r(s) (H(t, )"

lim sup

t-o H(tt1) )y, [H(t,s)z(s)q(s)—

]As = oo, (3.53)
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where C(t,s) = H2z(s) + H(t,s)é(t) and é(t) = z2 () — z(t) (p(t) /7 (t)). Then every solution of
(1.12) is oscillatory on [ty, o0)r.

Proof . Assume that (1.12) has a nonoscillatory solution on [ty, o). Then without loss of
generality, there is a sufficiently large t; € [fo, 00)y such that x(t) satisfies the conclusions
of Lemmas 2.1 and 2.2 on [t,, oo). Consider the generalized Riccati substitution

¥
w(t) = z(t)r(t)<x;(g)> . (3.54)
By Theorem 3.6 and inequality (3.44)
w?(t) y (@O
wh (t) < —z(H)g(t) +&(t) =0 z(t) T < =0 ) , (3.55)

where A = (y+1)/y. Multiplying both sides of (3.55) with H (¢, s) and integrating with respect
tosfromt tot (t > 1), we get

t H(t,s)z(s)q(s)As < - t H(t,s)w”(s)A(s) + t H(t,s)é(s)
t

ty 31

—ﬁH(t,s)z(s) i (MYAS

r1/v(s) \ z°(s)

w?(s)
z9(s)

(3.56)

Integrating by parts and using (3.25), we obtain

(o) o A
ft Ht 5)2(s)a(s)As < H(t t)w(ts) It o) _ ' YH(t,5)z(s) (w (s)> .
tl tl

z9(s) )y, rir(s) z%(s)
(3.57)
Define A > 0and B > 0 by
At = YHE920 @ )" g _UNOCES) (3.58)
(29 (H) r1/ (1) AMyH(t, s)z(s))"*
Using the inequality (see [32])
MABYT - AY < (A -1)BY, (3.59)
we get
cunZy- O (L0Y e



16 Abstract and Applied Analysis

From this last inequality and (3.55) it follows that

t

H(t/ tl) t

r(s)Cr*i(t, s)
(y + 1) HY(t,5)2r (1)

lim sup

t— oo

[H(t, s)z(s)q(s) — ]As <w(ty) (3.61)

which contradicts with the assumption (3.53). This completes the proof of Theorem 3.8. [

Corollary 3.9. Assume that all conditions of Lemma 2.1 hold. Furthermore, suppose that there exist
functions H, H®, and h € C,4(D, R) such that (3.25) holds and there exists a positive A-differentiable
function z(t) such that

. 1 (=ht, )™ r(s) | 4o _
lim supH(t’ 0 L [H(t, 5)z(s)q(s) - m] As = oo, (3.62)

t— oo

where HX + H(t,s)&(t)/z%(s) = —h(t,s)(H(t,s))"’ " /29 (t). Then every solution of (1.12) is
oscillatory on [ty, 00)y.

Example 3.10. Consider the second-order dynamic equation
(r (xA(t)>Y>A i1 <xA(t)>Y + 1wy =0 (3.63)
£2 t ’

where t € [tg,00)p, t1 2t =2,y =5/3 > 1,4(t) = 1/t. It is easy to check that (A*) holds. For
z(t) =1and H(t,s) = (t - s)?, it immediately follows that

h(t,s) = {(t —8) = (t—8)+(t- o(s))}(t — )/ (D) (3.64)

and so —h(t,s) = 0. Hence,

lim sup# Jt [H(t, s)z(s)q(s) —
2

. 1" 2
As =limsup— g(t —5)"As = co.
2

t— o0 H(t,Z) t2

t— oo

(~h(t, s))Y”r<s)]
(y +1)""2r(s)
(3.65)

Therefore by Corollary 3.9, every solution of (3.63) is oscillatory.

Acknowledgments

The author would like to thank Professor A. Ashyralyev and anonymous referee for their
helpful suggestions to the improvement of this paper. This work was supported by Research
Fund of the Erciyes University Project no. FBA-11-3391.



Abstract and Applied Analysis 17

References

[1] S. Hilger, “Analysis on measure chains—a unified approach to continuous and discrete calculus,”
Results in Mathematics, vol. 18, no. 1-2, pp. 18-56, 1990.
[2] R.P. Agarwal, M. Bohner, D. O’'Regan, and A. Peterson, “Dynamic equations on time scales: a survey,”
Journal of Computational and Applied Mathematics, vol. 141, no. 1-2, pp. 1-26, 2002.
[3] M. Bohner and A. Peterson, Dynamic Equations on Time Scales: An Introduction with Applications,
Birkhdauser, Boston, Mass, USA, 2001.
[4] L. Erbe, T. S. Hassan, A. Peterson, and S. H. Saker, “Oscillation criteria for half-linear delay dynamic
equations on time scales,” Nonlinear Dynamics and Systems Theory, vol. 9, no. 1, pp. 51-68, 2009.
[5] L. Erbe, T. S. Hassan, A. Peterson, and S. H. Saker, “Oscillation criteria for sublinear half-linear delay
dynamic equations on time scales,” International Journal of Difference Equations, vol. 3, no. 2, pp. 227-
245, 2008.
[6] T. S. Hassan, “Kamenev-type oscillation criteria for second order nonlinear dynamic equations on
time scales,” Applied Mathematics and Computation, vol. 217, no. 12, pp. 5285-5297, 2011.
[7] Q. Zhang, “Oscillation of second-order half-linear delay dynamic equations with damping on time
scales,” Journal of Computational and Applied Mathematics, vol. 235, no. 5, pp. 1180-1188, 2011.
[8] Q.Lin, B. Jia, and Q. Wang, “Forced oscillation of second-order half-linear dynamic equations on time
scales,” Abstract and Applied Analysis, vol. 2010, Article ID 294194, 10 pages, 2010.
[9] S. R. Grace, R. P. Agarwal, and S. Pinelas, “Comparison and oscillatory behavior for certain second
order nonlinear dynamic equations,” Journal of Applied Mathematics and Computing, vol. 35, no. 1-2,
pp- 525-536, 2011.
[10] R. P. Agarwal, M. Bohner, and S. H. Saker, “Oscillation of second order delay dynamic equations,”
The Canadian Applied Mathematics Quarterly, vol. 13, no. 1, pp. 1-17, 2005.
[11] O. Dosly, “Qualitative theory of half-linear second order differential equations,” Mathematica
Bohemica, vol. 127, no. 2, pp. 181-195, 2002.
[12] L. Erbe, A. Peterson, and S. H. Saker, “Oscillation criteria for second-order nonlinear dynamic
equations on time scales,” Journal of the London Mathematical Society, vol. 67, no. 3, pp. 701-714, 2003.
[13] I. V. Kamenev, “Integral criterion for oscillation of linear differential equations of second order,”
Matematicheskie Zametki, vol. 23, pp. 249-251, 1978 (Russian).
[14] Y. Sahiner, “Oscillation of second-order delay dynamic equations on time scales,” Nonlinear Analysis—
Theory Methods & Applications, vol. 63, pp. 1073-1080, 2005.
[15] S.H. Saker, “Oscillation criteria of second-order half-linear dynamic equations on time scales,” Journal
of Computational and Applied Mathematics, vol. 177, no. 2, pp. 375-387, 2005.
[16] R. Marfk, “Riccati-type inequality and oscillation criteria for a half-linear PDE with damping,”
Electronic Journal of Differential Equations, vol. 2004, no. 11, pp. 1-17, 2004.
[17] A. Toraev, “On oscillation properties of elliptic equations,” Differential Equations, vol. 47, no. 1, pp.
119-125, 2011.
[18] R. Marfk, “Integral averages and oscillation criteria for half-linear partial differential equation,”
Applied Mathematics and Computation, vol. 150, no. 1, pp. 69-87, 2004.
[19] R. Marfk, “Oscillation criteria for PDE with p-Laplacian via the Riccati technique via the Riccati
technique,” Journal of Mathematical Analysis and Applications, vol. 248, no. 1, pp. 290-308, 2000.
[20] O.Dosly, “Oscillation and spectral properties of a class of singular self-adjoint differential operators,”
Mathematische Nachrichten, vol. 188, pp. 49-68, 1997.
[21] A. Toraev and G. I. Garadzhaeva, “Kneser estimates for coefficients of elliptic equations,” Doklady
Akademii Nauk SSSR, vol. 295, no. 3, pp. 546-548, 1987.
[22] A.Toraev, “Oscillation and nonoscillation of the solutions of elliptic equations,” Differential Equations,
vol. 22, no. 8, pp. 1002-1010, 1986.
[23] A. Toraev, “Oscillation of elliptic operators and the structure of their spectrum,” Doklady Akademii
Nauk SSSR, vol. 279, no. 2, pp. 306-309, 1984.
[24] A. Toraev, “The oscillation of solutions of elliptic equations,” Doklady Akademii Nauk SSSR, vol. 280,
no. 2, pp- 300-303, 1985.
[25] A.Toraev, “Criteria for oscillation and nonoscillation for elliptic equations,” Differential Equations, vol.
21, no. 1, pp. 104-113, 1985.
[26] A. Toraev, “The oscillatory and nonoscillatory behavior of solutions of elliptic-type higher order
equations,” Doklady Akademii Nauk SSSR, vol. 259, no. 6, pp. 1309-1311, 1981.



18 Abstract and Applied Analysis

[27] R. P. Agarwal, D. O'Regan, and S. H. Saker, “Oscillation criteria for second-order nonlinear neutral
delay dynamic equations,” Journal of Mathematical Analysis and Applications, vol. 300, no. 1, pp. 203—
217, 2004.

[28] S. H. Saker, “Oscillation of second-order nonlinear neutral delay dynamic equations on time scales,”
Journal of Computational and Applied Mathematics, vol. 187, no. 2, pp. 123-141, 2006.

[29] R. P. Agarwal, D. O'Regan, and S. H. Saker, “Oscillation criteria for nonlinear perturbed dynamic
equations of second-order on time scales,” Journal of Applied Mathematics & Computing, vol. 20, no. 1-2,
pp. 133-147, 2006.

[30] S.H. Saker, R. P. Agarwal, and D. O’Regan, “Oscillation of second-order damped dynamic equations
on time scales,” Journal of Mathematical Analysis and Applications, vol. 330, no. 2, pp. 1317-1337, 2007.

[31] M. T. Senel, “Oscillation theorems for dynamic equation on time scales,” Bulletin of Mathematical
Analysis and Applications, vol. 3, no. 4, pp. 101-105, 2011.

[32] G.H. Hardy, ]J.E. Littlewood, and G. Pélya, Inequalities, Cambridge University Press, Cambridge, UK,
2nd edition, 1988.



BULLETIN OF MATHEMATICAL ANALYSIS AND APPLICATIONS
ISSN: 1821-1291, URL: HTTP://WWW.BMATHAA.ORG
VOLUME 3 ISSUE 4(2011), PAGEs 101-105.

OSCILLATION THEOREMS FOR DYNAMIC EQUATION ON
TIME SCALES

(COMMUNICATED BY HUSEYIN BOR)

M. TAMER SENEL

ABSTRACT. By using the generalized Riccati transformation and the inequality
technique, we establish a oscillation criterion for certain non-linear second-
order dynamic equations with damping on a time scale.

1. INTRODUCTION

The theory of time scales, which has recently received a lot of attention, was in-
troduced by Stefan Hilger in his PhD thesis in 1988 in order to unify continuous and
discrete analysis (see [1]). Since Stefan Hilger formed the definition of derivatives
and integrals on time scales, several authors have expounded on various aspects
of the new theory, see the paper by Agarwal, Bohner, O’Regan, and Peterson [2],
Samir H. Saker, et.al [3] and the references cited [5]-[10]. A book on the subject
of time scales by Bohner and Peterson [4] summarizes and organizes much of time
scale calculus.

2. SOME PRELIMINARIES

A time scale T is an arbitrary nonempty closed subset of the real numbers R.
Since we are interested in the oscillatory of solutions near infinity, we assume that
supT = oo, and define the time scale interval [tg, 00) by [to, 00)T := [tg,00) N'T .
We assume that T has the topology that it inherits from the standard topology on
the real numbers R. The forward and the backward jump operators on any time
scale T are defined by o(t) :=inf{s € T :s > t}, p(t) == sup{s € T : s < t}.

A point ¢t € T,t > infT, is said to be left-dense if p(t) = t, right-dense if ¢t < supT
and o(t) = t, left-scattered if p(t) < ¢ and right-scattered if o(¢) > ¢t. The graininess
function ? for a time scale T is defined by u(t) := o(t) — t.
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For a function f: T — R the (delta) derivative is defined by

sy fe@) = f(t)
f (t) - O'(t) —¢

if f is continuous at t and t is right-scattered. A useful formula is

f7 = flo(®) = f(t) + p(t) £ (1)
We will use the product rule and the quotient rule for the derivative of the product
fg and the quotient f/g
A
o o (1 29— fg*
U9 = 12+ 170 = 1%+ 20, (1) = I
g 99

The function f : T — R is called rd-continuous if it is continuous in right-dense
points and if the left-sided limits exist in left-dense points.

In this paper we shall study the oscillations of the following nonlinear second-order
dynamic equations with damping

(r(O) W (e ()2 () + p(t) (@ ()7 + a(t)(fox® (1)) = 0 (2.1)

when U(z(t)), p(t), q(t) and r(t) are positive rd-continuous functions.

We will use some of following assumptions:

(H1)f : R — Rissuch that f(u)/u > K > 0, uf(u) > 0 for u # 0 and some K > 0,
(H2)0 < ¢; < ¥(v) < ¢ for all v,

(Hs) ftzo(ﬁe%()?(t,to))At = 00 , some ¢ > 0.

Our attention is restricted to those solutions of (2.1) which exist on some half-line
[tz,00) and satisfy sup{|xz(t)|:t > T} > 0 for any T > t,, . We assume the standing
hypothesis that (2.1) does possess such solutions. A solution x(t) of (2.1) is said to
be oscillatory if it is neither eventually positive nor eventually negative, otherwise
it is nonoscillatory. The equation itself is called oscillatory if all its solutions are
oscillatory.

3. MAIN RESULTS
Theorem 3.1. Assume that (Hy) — (H3) holds. Furthermore, assume that there
exist a positive real rd-functions differentiable functions z(t) such that
t 2
. cor(s)A%(s)
lim su / {Kz s)g(s) — —————| As =00 3.1
mewp [ | Ke(o)a(s) ~ (3.1)

where

g 2000
Aty ==2( cara(t)’

then every solution of (2.1) is oscillatory.

Proof. Suppose to the contrary that z(t) is a nonoscillatory solution of (2.1). With-
out loss of generality, we may assume that x(t) > 0 for ¢ > t; > tog. We shall consider
only this case, since in view of (Hj), the proof of the case when z(t) is eventually
negative is similar. Now, we claim that 2 (¢) has a fixed sign on the interval [t,, c0)
for some t3 > t1. From (2.1), since ¢(¢) > 0 and f(x(t)) > 0, we have

(r(OW (x (1) (£))> + p(t)a" (1) = —q(t) f(27(¢)) <0,
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ie.,
(r() W (e ()2 ()2 + p(t)a™ (1) < 0.
By setting y(t) = r(t)¥(x(t))z?(t) , we immediately see that by (Hs),

p(t)y° (t)
ks 77 (t)c2

<0

A
, which implies that <y(t)e p(t) ) < 0. Then y(t)e pw is decreasing and thus
cor0 (1) 20 (1)

y(t) is eventually of one sing. Then z(t) has a fixed sing for all sufficiently large
t and we have one of the following:

First, we consider z2(t) > 0 on [ts,00) for some t, > ¢;. Then in view of (2.1) we
have

z(t) >0, z2(t) >0, (rt)T(z(t)z> ()2 <0, t > t,. (3.2)

Define the function w(t) by Riccati substitution

Then w(t) > 0 and satisfies

ZA A z
w0 = |28 v 0y + XD rwuemeon?
In view of (2.1) and (3.2) we see that
r ()2 (1) z(t)z?
Wi = AR S 0w () 1)
l’A o z°
(00 5~ 20a LI (3.4

we have
w00 (W (1) (1))"
w0 =050 soeemesnr *T 0" T O e o
- sl )
A~ s ) (@)
(6 < ~Ka(t)a(t) + A0 ) — (0 (s (3.6
where
gy 200
A(t){z (1) czrg(t)}.
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Then
2
cor (1) A%(1) 2(t) wo(t) A(t) [ear(t)
wi(t) < —Kz(t)g(t) + = L2(00) ‘l cor(t) 27(t) 2 z(t)]
- [Kz@)q(t)_wg(fj;@)} (3.7)

Integration from t3 to t, we obtain

. cw(s)A?(s)} N

w(t) —w(ts) < —/t [K’Z(S)Q(S) 4z(s)

t3
which yields

¢ car(s)A2(s)
/t3 [Kz(s)q(s) - %} As < w(ts) — w(t) < w(ts),

for all large t. This is contrary to (3.1).

Next, we consider x2(t) < 0 for t > t5 > t; .

Define the function u(t) = —r(t)¥(z(t))z>(t). The from (2.1)and (Hy) — (Hs3), we
have

WA () + p(z)u(t) >0 = u(t) > ulta)e p ( ts),
c1r cyr(t)

Thus

22 (t) < —u(ty) < e —po (t, t2)> . (3.9)

cor(t) e

Integrating (3.9 ) from t5 to t, we have

x(t) — x(te) < T(tQ)\I!(x(tQ))xA(tg)/t (Q:(t)ec_ﬁ((tt)) (t,tg)) As.

Condition (H3) implies that x(t) is eventually negative, which is a contradiction.
The proof is complete. O

Corollary 3.2. Assume that (H1) — (Hy) hold. If

lim sup /t t [Kq(s) W} As = 00 (3.10)

P dea(ro(s))
then every solution of (2.1) is oscillatory.

Corollary 3.3. Assume that (Hy) — (H3) hold. If

hfli‘jp /t: [KSQ(S) - 62228) (1 a cjf‘gil))Q

then every solution of (2.1) is oscillatory.

As =00 (3.11)

Example 2.4. Consider the second order dynamic equation

A
(1(}1 + ex(t)l)xA(t)> + 1

1
= (z2(1))° + c27 =0t >1. (3.12)
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The conditions (Hy) — (H3) are satisfied. First let consider Corollary 3.2. Assume
that K=1, c = 5/4 and T = 2V = {t : t = 28k = N}. So we have o(t) = 2t. It
remains to show condition (3.10), we have
¢ 2 ¢
1 4
limsup/ [Kq(s) - r(s)p(s)g} As = limsup/ [ — } As = oo.
t—o0  Jtg 462(TJ(8)) t—oo J1 LS 58

Then, by Corollary 3.2, every solution of (3.12) oscillates. Now let consider Corol-
lary 3.3. Assume that K=1, co = 5/4 and T = Z. So we have o(t) = ¢. From
condition (3.11),

lim su /t Ksq(s) — car(s) (1 _ sp(s) )2 As lim su /t {1 — 1} As
tﬁoop t q 4s cor?(s) tﬁoop 1 252

- 1
;{1—%2]:%,

then, by Corollary 3.3, every solution of (3.12) oscillates.
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OZET

Bu calismada zaman skalasinda taniml1 3. mertebeden nétral dinamik denklem

{r(t)([x(t)+ | p(t,u)x[r(t,u)]Au]M)y} +[at. O (g ONAE =0, teT ()

incelendi. Burada y pozitif tek tamsayilarin bir oranidir ve r(t)>0 rd- siirekli
fonksiyondur.

Genellestirilmis Riccati doniisiimii ve integral averaging teknigini kullanarak (1)
denkleminin ¢6ziimlerinin davranisi incelendi.
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Abstract

Much recent attention has been given to dynamic equations on time scales, or measure chains, and
we refer the reader to the landmark paper of S. Hilger [1] for a comprehensive treatment of the subject.
A book on the subject of time scales by Bohner and Peterson [2] also summarizes and organizes much of
the time scale calculus.

In this paper we shall study the oscillations of the following nonlinear second-order dynamic equations

with damping

(r(OW( () +p(t)P(z2 (1) +q(t) f (a7 (1) =0, t € T, (1)

where ¥(t), f(¢), p(t),q(t) and r(t) are rd-continuous functions. By using a generalized Riccati transfor-
mation and integral averaging technique, we establish some new sufficient conditions which ensure that
every solution of this equation oscillates. Throughout this paper, we will assume the following hypotheses:
(H)) p(t), a(t) € Cra(R,RY),

(H3) ¥ : T — R is such that ¥2(u) < ku¥(u) for K > 0, u # 0,

(H3) f : R — R is such that f(") >A>0,and uf(u) >0, u # 0,

(Ha) r(t) € Cry([to, 00), RT), fto (R e=peo (1 to)) Al = oo
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